On magnetic-field-induced dissipationless electric current in nanowires 



M. N. ChernodulcQ 

CNRS, Laboratoire de Mathematiques et Physique Theorique, Universite Frangois- Rabelais Tours, 
Federation Denis Poisson, Pare de Grandmont, 37200 Tours, France and 
Department of Physics and Astronomy, University of Gent, Krijgslaan 281, S9, B-9000 Gent, Belgium 

(Dated: May 15, 2013) 

We propose a general design of a metallic double-nanowire structure which may support an equi- 
librium dissipationless electric current in the presence of magnetic field. The structure consists of a 
compact wire element of a specific shape, which is periodically extended in one spatial dimension. 
Topologically, each wire element is equivalent to a ring, which supports a dissipationless current in 
the presence of magnetic flux similarly to the persistent electric current in a normal metal nanoring. 
Geometrically, each wire element breaks spatial inversion symmetry so that the equilibrium electric 
current through the device becomes nonzero. We also argue that the same effect should exist in 
long planar chiral nanoribbons subjected to external magnetic field. 

PACS numbers: 73.23.Ra 



I. INTRODUCTION 

A dissipationless flow of an electric current is a very de- 
sired feature in technological applications. The absence 
of dissipation of the electric current is usually associated 
with superconductivity. In a superconductor, the electric 
current J can be ballistically accelerated by an applied 
electric field E according to the London equatiorffl 



9J - u 2 E 



(1) 



where \i is a parameter related to a superconducting con- 
densate. The electrical resistivity - which is a convenient 
measure of dissipation - is exactly zero in a supercon- 
ductor. For example, in a thick superconducting ring, 
the accelerated electric current will continue to circulate 
forever, even after the applied electric field is removed. 

However, there is also another, much less known, dis- 
sipationless transport law for the electric current: 



J = gB . 



(2) 



Here, the electric current J is proportional to the mag- 
nitude of the magnetic field £?, and the proportionality 
coefficient a plays a role of conductivity. The law Q is 
similar to the standard Ohm law J = aE, in which the 
electric field E is substituted by the magnetic field B. 

The dissipationless nature of the transport law Q fol- 
lows from a very simple fact that this equation is invari- 
ant under time inversion, t —> —t [the very same property 
is shared by the London law ([!]) in superconductors] . The 
time reversibility of Eqs. ([!]) and ([2| implies that in the 
corresponding systems there is no entropy production as- 
sociated with the electric current J so that this current is 
a dissipationless quantity in thermodynamic equilibrium. 

Another feature of Eq. ([2| is that this law is not invari- 
ant under inversion of the spatial coordinates, x — > —x. 
Thus, the dissipationless law Q may only be realized 
in quite unusual, parity-odd systems which break spatial 
inversion symmetry. More precisely, in such systems, the 
spectrum of electric charge carriers should not be invari- 
ant under spatial inversion. 



We would like to mention two examples of systems 
where the unusual dissipationless transport law ([2| may 
be realized. The first example comes from high energy 
physics, where the law Q is known as the Chiral Mag- 
netic EffecP. This effect may be take place in a high en- 
ergy collision of heavy ions, which creates an expanding, 
very hot fireball of quark-gluon plasma. Due to topolog- 
ical phase transitions, induced by the strong fundamen- 
tal interactions, the quark-gluon plasma may contain dif- 
ferent numbers of left- and right-handed quarks. Thus, 
the plasma becomes a parity-odd system. In noncentral 
heavy-ion collisions the quark-gluon plasma should be 
subjected to quite strong magnetic field. According to 
Eq. (2j), the parity-odd system of quarks should generate 
an electric current along the direction of the magnetic 
field. This current leaves a trace in a form of specific, 
charge dependent azimuthal correlations of the collision 
products, which were indeed observed experimentally at 
heavy- ion colliders^. 

In addition, the dissipationless transport law Q is sug- 
gested to be realized in Weyl semi- metals, which admit 
spatial-parity-odd state (s) of charge carriers 4 . 



FIG. 1. The magnetic flux $ oc 5 in this double- wire struc- 
ture should generate the persistent (dissipationless) electric 
current J = Jh + Jl even if the wires have a finite electric 
resistance. In a weak applied magnetic field B the transport 
law should be given by Eq. 

In this paper we suggest that the dissipationless trans- 
port of electric current ([2| may also be realized in a sim- 
ple, spatially-extended device made of usual (resistive!) 
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metal nanowires; see Fig. [T] We show that in a back- 
ground of magnetic flux <£, this device should possess (an 
infinite tower of) spatially odd parity states of the electric 
charge carriers. As a result, the electric current should 
flow along the magnetic field without dissipation, simi- 
larly to the persistent electric current in normal metal 
nanorings. 

The proposed device, shown in Fig. [I] is a periodic 
structure made of a helix wire and a straight wire. We 
show in this paper that the magnetic flux <I> induces dis- 
sipationless electric current in each elementary circuit of 
this device, while the periodic nature of the structure 
makes the spectrum of the whole discrete. These effects 
are of a topological origin, and they appear to be re- 
lated to the emergence of the persistent (dissipationless) 
current in normal metal nanorings 5 7 . Due to geometri- 
cal reasons, the sum of the electric currents Jh and Jl 
flowing, respectively, along the helix and linear parts of 
the device, is nonzero. Consequently, the total electric 
current J = Jh + Jl passes through the whole system 
without dissipation. At low values of the applied mag- 
netic field, the electric current in our system, Fig. Jl] is 
proportional to the strength of the magnetic field 

The structure of this paper is as follows. In Sec. [TT| 
we briefly review basic features of a dissipationless per- 
sistent current in resistive metallic nanorings in applied 
magnetic field. We stress the importance of both dis- 
continuities in the energy spectrum and the parity-odd 
nature of the energy-current spectrum in order for the 
system to support the persistent electric current. 

In Sec. |III| we demonstrate that in a background of 
magnetic field, the short elementary device - consisting 
of a single helix arc whose ends are connected together 
by a straight nanowire - possesses a tower of odd-parity 
conducting states including the ground state. The cor- 
responding single- level currents, passing through the de- 
vice, are identified. The energy spectrum of this elemen- 
tary device is, however, continuous, which does not allow 
for this short structure to support a persistent dissipa- 
tionless electric current. 



In Sec. IV we consider a long periodic structure made 
of an array of elementary devices, Fig. [I] We demon- 
strate that the energy spectrum of this long structure is 
a parity-odd quantity similarly to the case of the short 
elementary device. In addition, the spectrum of the long 
device becomes discontinuous (and, in fact, discrete) due 
to its periodic nature. These two important features, 
the parity-oddness and discreteness of the spectrum of 
the infinitely long double nanowire structure (Fig. [T]) are 
identical to those of the electron spectrum in an ideal 
nanoring to be over viewed in Sec. [TTJ Thus, we may ex- 
pect that the proposed device should support the persis- 
tent dissipationless current in accordance with Eq. ([2]). 
Notice that the presence of the disorder and electron in- 
teractions in real, non-ideal nanorings does not destroy 
the persistent current completely so that the dissipation- 
less motion of electrons survives even in the real metal 
rings with the finite resistivity. The thermal fluctuations 



suppress exponentially the magnitude of the current thus, 
given our experience with the nanorings, the suggested 
effect should be accessible experimentally in a reasonable 
temperature interval. 

In Sec. |V| we also briefly discuss a two-dimensional 
(flat) analogue of the our double-wire system, Fig. [I] 
which turns out to be a chiral (nano)ribbon visualized 
in Fig. 15 In this case the analogue of the dissipation- 
less law (|2| is given by Eq. ( [67] ) . 

We conclude in Se c. [VT| that the proposed systems, 
shown in Figs, [I] and |15[ may support the dissipation- 
less current, Eqs. ([2| and (67), respectively, even in real 
resistive metal nanorings at finite temperature. 



II. PERSISTENT ELECTRIC CURRENTS IN 
NORMAL METAL RINGS 

A. Energy spectrum and single-level currents 

In this section we briefly overview the appearance of 
the persistent electric current in a normal, nonsuper- 
conducting metallic ring (see Refs. |8|9j and references 
therein). 




FIG. 2. Metallic ring threaded by a constant magnetic flux $ 
carries persistent electric current J. 

We consider an ideal one-dimensional ring of the radius 
R which is pierced by the magnetic flux see Fig. [2] The 
electrons in the ring are assumed to be noninteracting. 
The electromagnetic vector potential can conveniently be 
chosen in the form Aq — As = and A = 2ir$(p j 'L 2 R 
where Lr — 2ttR is the total circumference of the ring 
and (p is the unit vector in the azimuthal ip direction 
(the only spatial degree of freedom of the electron is the 
azimuthal angle cp). 

The eigenfunctions \I/ n and the corresponding ener- 
gies E n of a single electron are determined by the time- 
independent Schrodinger equation: 



2m 



d_ 



2ni $ 
Lr $o 



^ n = E n m n 



(3) 



where $o = h/e is the flux quantum and £ = R(p is the 
convenient spatial variable which varies from to Lr. 
The fermionic nature of electrons leads to the double 
degeneracy of the energy levels while other spin-related 
effects (such as small Zeeman splitting of the levels) are 
usually ignored in this simplified but, nevertheless, work- 
ing approach. 
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Due to the periodicity of the wave functions, 

* n (L) = *(0) , (4) 
the Schrodinger equation (|3| has the discrete spectrum: 



*n(0 
En 



$0 



2mL 2 R 



h 2 



2mR 2 



(5) 



,(6) 



characterized by the integer n G Z. 

The energy spectrum (|6| of the perfect one-dimensio- 
nal ring exhibits a periodic dependence on the Aharonov- 
Bohm flux 3>; the first four energy levels are illustrated 
in the bottom panel of Fig. [3j 

The single-level electric current J n carried by an elec- 
tron in nth eigenstate ([5| is given by the following for- 
mula: 



J n (n\J\n) 



d€n 



eh 
mL 2 R 



(7) 



We do not consider the trivial doubling effect due to the 
spin degeneracy [in this case the current in Eq. Q should 
be multiplied by a factor of 2). 
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FIG. 3. (top) Single-level electric current [shown in units of 
= eh/(mL R )] in the ground state and (bottom) first four 
levels of the energy spectrum [in units of = /i 2 /(2mL|)] 
versus total magnetic flux $ (in units of the elementary flux 
$o = h/e) in a perfect one-dimensional ring. 



B. Persistent electric current 

What are the signatures that the real quantum ring 
may support the persistent electric current? 

Firstly, it is important to notice that the ground-state 
electric current in the ring is nonzero for general values 
of the magnetic flux <£; see the top panel of Fig. [3] for an 
illustration. The presence of the electric current in the 
ground state of this idealized system provides us with a 
signal that a real system (given by a finite- width resistive 
wire at finite temperature with effects of both disorder 



and interactions included) should support a persistent 
electric current as welP. 




-4 -2 



FIG. 4. Energy of the elementary excitations (|6| vs. the corre- 
sponding single-level currents ^\ in the ideal one-dimensional 
ring [units of £ (0) = h 2 /(2mL/ R ) and J (0) = eh/(mL 2 R ), re- 
spectively] pierced by the magnetic flux $ = 0.2 $o- 

Secondly, higher energy levels have an asymmetric 
structure. In Fig. [4] we show a typical behavior of the 
energy levels of the system ^ as a function of the cur- 
rent ([7]). Although the energy levels follow a symmetric 
parabola, E oc J 2 , the levels are in fact not symmetric 
under the inversion of electric current (J n — ^ — J n ) pro- 
vided that the ratio $/(2<I>o) is not equal to an integer 
number. 

Thirdly, in order to support the persistent current, the 
energy spectrum of the system should be either a piece- 
wise discontinuous function or a discrete function of mo- 
menta because for a general continuous spectrum the net 
contribution to the equilibrium electric current will al- 
ways be zercM 

In a real metallic ring at zero temperature, the elec- 
trons occupy all energy levels up to the Fermi energy Ep. 
Each electron possesses its own single-level electric cur- 
rent which circulates inside the ring. In general, the total 
electric current J = (J), given by the sum of the individ- 
ual single-level contributions, is nonzero. In the sum, the 
individual single-level currents almost cancel each other, 
and the typical electric current, J ~ evp/Ln, is deter- 
mined by the Fermi velocity vp. Thus, the effect is given 
by the dynamics of a few electrons which are residing 
close to the Fermi surface^. 

At finite temperature, the electron's distribution is 
given by the Fermi-Dirac statistics so that the higher 
energy levels with E > Ep are excited and they also 
contribute to the total electric current. Both the magni- 
tude and the sign of the single- level electric current evolve 
rapidly as its energy increases, so that temperature in- 
crease gives rise to the sign-alternating contributions to 
the total current (J). As a result, theoretically, the av- 
erage electric current should drop exponentially as the 
function of temperature, both in the absence 6 or pres- 
ence of diffusion caused by impurities^. 
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Nevertheless, neither the temperature effects, nor elec- 
tron interactions, nor the presence of diffusion, nor finite- 
width effects of real nanowires do not completely destroy 
the induced electric current. Thus, in general, an inter- 
acting many-electron system in the normal metallic ring 
should possess a nonzero persistent average electric cur- 
rent, which circulates without dissipation. Due to the 
absence of the dissipation, the current should, in gen- 
eral, be circulating forever, hence its name "persistent 
current" . 

The persistent current is a few-electron phenomenon 
which is generally affected by (both quantum and ther- 
mal) fluctuations. In a given ring, the average current 
(J) is a finite quantity, which is usually much smaller 
than the typical current (J 2 ) 1 / 2 . Due to the strong de- 
pendence of the persistent current on the values of the 
magnetic flux and occupation number, both the magni- 
tude and the sign of the current vary with the number of 
the electrons in the sample (and nominally identical rings 
may have have unequal persistent currents in the same 
environment). A typical magnitude of the measured per- 
sistent current in the experimentally accessible metallic 
rings varies, in order of magnitude, from lpA (10 -12 A) 
to 1 nA (10 -9 A) in a range of temperatures up to 3 K. 
Excellent experimental results - which confirm the exis- 
tence of the persistent currents in metallic nanorings - 
were obtained recently in Refs. [12 13 which follow the 
extensive set of earlier experimental results 14 . 

The important and obvious property of the persistent 
current in the ring is that it circulates in (and confined to) 
a plane which is transverse with respect to the direction 
of the magnetic field. In the next sections we consider 
the simple geometrical generalization of the metallic ring, 
Fig. [I] which may allow for the electric current to flow 
without dissipation along the direction of the magnetic 
field. 



III. ENERGY LEVELS IN A SHORT WIRE 

In this section we discuss the spectrum of an elemen- 
tary device which is made of a single arc of helix and a 
straight wire, as it is shown in Fig. [5] This simple de- 
vice is a part of the more general construction shown in 
Fig. [T] We will show that in the presence of magnetic 
flux the energy spectrum of this device E(J) is not 
symmetric with respect to the inversion of the electric 
current J —> — J propagating through the device. 




Our coordinate system and other notations are illus- 
trated in Fig. [6| The helical part of the device is de- 
scribed by the following parametric formula: 



R cos ip , y = R sin cp , 



2tt 



(8) 



where R is the radius of helix, Ll is height of the elemen- 
tary arc of the helix and ip G [0, 2ir] is the angle which 
parameterizes the arc. The length of the elementary helix 



L 



H 



L R = 2ttR . 



(9) 



It is convenient to introduce the natural spatial coor- 
dinate for the helix arc, £ G [0,L#], and the coordinate 
for the straight element, z G [0,LzJ. 

The wave function of the electron in this device is a 
vector function: 



,(0 



(10) 



The upper (lower) component of this vector wavefunction 
describes the wavefunction of the electron in the helix arc 
(line) part of the device. 




FIG. 6. Elementary device: coordinates and quantities. 

As in the case of the metallic ring ring, we consider 
noninter acting electrons, ignore disorder and spin ef- 
fects. Also, for the sake of simplicity, we assume that 
the straight part (L) of our device and its helix part (H) 
are made of the same material so that the effective elec- 
tron masses in both parts the same: m = rn L = m* H . 

Thus, the electrons in our elementary device are de- 
scribed by the Schrodinger equation, 

= (ll) 

where the Hamiltonian has a form of a diagonal matrix: 



FIG. 5. One-component device in external magnetic flux <I>. 



h h (0 o 

H L (z) 



(12) 
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Here the individual Hamiltonians 



Hl(z) = 



2m 
2m dz 2 



d_ 



2wi $ 
L H $ 



K 

T 



(13) 
(14) 



describe the dynamics of free electrons in, respectively, 
the helix-arc part and the line part of the device. 

The last term in brackets of the helix arc Hamilto- 



nian ( 13 ) is the constant term which appears due to the 



arc curvature^: 



2ttL r 
L 2 h 



(15) 



In nanorings, the curvature term (ft r i ng = is ne- 

glected since it leads to the same constant shift for all 
energy levels. However, in our case this term will play an 
important quantitative role. 

Similarly to the matching condition Q of the wave- 
functions at the ring, the Schodinger equation ( 11 ) should 



also be complemented with the matching conditions at 
the points where the arc part and the line part of the de- 
vice intersect with each other; see Fig. [6j There are two 
such points, (£,z) = (0,0) and (£, z) = (Lh,Ll), and 
the corresponding matching conditions are as follows: 

*if(0) = * L (0) , *h(Lh) = ^l(L l ) . (16) 

In our idealized approach we treat the wires as in- 
finitesimally thin linear objects, and we do not consider 
possible scattering effects at the junctions. For the same 
reason, we do not consider possible effects of the curva- 
ture at the junction points. A more detailed discussion 
on the scattering at the junctions will be presented in the 
next section. 




FIG. 7. The elementary device, Fig. [5] with smooth junctions. 

In realistic applications the junctions can be made 
smoother as it is visualized in Fig. [7] In this case the 
curvature of the arc is no more constant, n = and 



the curvature term in Eq. (13) should act as a poten- 



tial imposed on the charge carries. This term leads to 
additional known curvature effects such as, for example, 
the appearance of curvature-induced bound states and 
resonances 16 . In our we rather concentrate on important 
topological effects of the junctions themselves. 

A general solution of Eq. ( 11 ) is given by the following 
set of wave functions: 



^ L = C£ e iqLZ + Cf e~ iqLZ , 



(17) 
(18) 



where qn and q^ are the momenta in the helix arc and in 
the line wire, and C§, and C£ are the parame- 
ters which should be fixed by the normalization condition 
for the wavefunction, 



/ d£|*ir(OI+/ 
Jo Jo 



dz\* L (z)\ = l, (19) 



(20) 



and by the matching conditions (16). The parameter 
_ 2tt $ 

depends on the total flux $ of the magnetic field which 
pierces the helix arc. 

The energy of the electrons in the device is given by 
the following expression, 



E a 



2 m 



K 

T 



2m 



(21) 



which also sets the constraint on the momenta qn and q^. 

The energy spectrum of the electronic excitations 
in the elementary device is determined by Eqs. (16), 



and (19). Since the aim of this section is to demonstrate, 



qualitatively, the parity-odd nature of the magnetic-field- 
induced longitudinal electric current, we simplify the 
problem by restricting ourselves to the one-wave solu- 
tion with Ch = 0. This choice is justified by the fact 
that in the limit Ll —> our device reduces to the closed 
ring (see Fig. [6| and in the latter case the spectrum of 
the electron excitations in the ring is given by Eq. ([5| 
which corresponds to our one- wave anzats with = 0. 
For the most interesting case of the infinitely long "multi- 
device" , Fig. [l] a full set of solutions, extending beyond 
the one-wave anzats, will be given in the next section. 

The matching conditions (16) provide us with the fol- 
lowing constraints on the remaining parameters C^, 
and C£ of our anzats (18): 



C 



H 



cf + c 



L i 



qA^h-^Lh = C A e iq L L L + C B e -iq L L L 



(22) 



These equations can be solved as follows: 

C£ = R(q L ,q H )CE , (23) 
C£ = [l + R(q L ,q H )]CE , (24) 

where 



-iq L L L _ e i(qH-^)L H 



(25) 



e i{qH~l)LH — e iqLL L 

The normalization condition for the wavefunction (|19| 
gives us the normalization parameter C£: 



= l/VN(q L ,q H ). 

where 

N(q L ,q H ) = \l + R(qL,q H )\ 2 L H 



(26) 



+ {l + \R{q L ,q H )?)L L (27) 
{Im [R(q L , q H )e 2iqLLL ] - Im [R(q L , q H )} } q~ L l . 
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We chose the parameter C£ to be a real number since its 
phase corresponds to a coordinate-independent, inessen- 
tial phase of the whole solution. 

The one- wave spectrum of the electrons in our elemen- 
tary device is parameterized by the continuous momen- 
tum qu in the helix arc, while the momentum in the 
line element is defined via Eq. (21). 



The electric currents in the helical arc part and in the 
line wire part are, respectively, as follows: 



Jh = 
Jl = 



ehq H |1 + R(q L ,qH)\ 2 

m N(q L ,q H ) 
ehq L \R(q L ,q H )\ 2 - 1 



m 



N(qL,qH) 



(28) 
(29) 



and the total current passing through the device in the 
direction of the magnetic field is given by the sum of 
currents passing through the helix arc and line wire: 



J = J 



H 



Jr 



(30) 



Equations (21), (25), (27) and (30) allow us to obtain a 
parametric (parameterized by qjj) relation between the 
level energy (21) and the total single-level electric cur- 
rent p0). 



For illustration purposes we set the radius of our helix 
R to be equal to a typical radius of the ring of Ref. [12] , 
R = 500 nm. One unit of the magnetic flux $>(Bq) = <l>o 
for this value of the radius is reached at the magnetic 
field B = 5.3 • 10~ 3 T = 53 G. 
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FIG. 8. Energy of the elementary excitations (21) vs. the 
corresponding total one- wave single-level current ( |30| ) passing 
through the elementary device, Fig. [5] is shown by the blue 
solid line. The red dashed line represents the level's energy E 
as the function of the averaged current J of the same energy 
(see the description in the text). The current is induced by 
the magnetic flux $ = 0.4 $o- The device dimensions are 
R 500 nm and L L = 100 nm. 

As an example, in Fig. [8] and Fig. [9] we show the con- 
tinuous one-wave energy spectrum for the elementary de- 
vice with the size of the linear element Ll = 100 nm at 
the magnetic flux $ = 0.4<l>o- Notice that the spectrum 
(shown by the solid blue line) is infinitely degenerate be- 
cause the same value of the total electric J current is 



0.02 



% 0.00 



-0.02 



-0.04 



/ 




I / 




V / 




V / 




\ / . 


^ Li — I UU nm 


\ / 




\ / 
\ / 


R = 500 nm 




O = 0.4O 




f \ 













-0.06 -0.04 -0.02 0.00 
/[nA] 



0.02 0.04 



FIG. 9. The lower part of the spectrum of Fig. [8] The green 
dot corresponds to the single-level persistent current in the 
ground state (31 ). It is worth noticing the continuous nature 



of the bound state spectrum with E < 0. 



realized by infinitely many energy states E. Moreover, a 
fixed value of energy E corresponds, in general, to two 
values, J + and J_, of the total electric current, with 
E = E{J+) = E(J_). The energy E as the function of 
the average current, J = J+ + J_ is shown in Fig. [8] and 
Fig. [9] by the dashed red curve. 

One can clearly see that the energy spectrum is not 
invariant under the reflection of the total current (30) 
which passes throughout the device, J — >• — J. This im- 
portant property of the elementary excitations in our el- 
ementary device is very similar to the property of the 
energy spectrum in nanorings, Fig. |1J It is the non- 
invariance of the energy spectrum which is responsible for 
the persistent electric current in resistive, normal metal 
nanorings. 

In the limit of low energies and momenta, qu —> 0, 
we get the following expression for the ground state cur- 
rent fl30b: 



J = J(qn 0) = k 2 sinh 



kL 



sin - 



L \ . I 27r$ 
sin 



2 J ™ V $o 
kLh cosh^L/,) + 2 sinh(^Li / ) — k(Lh + 2L^) 



' k,L l kL l . kL l \ 2tt$ 
+4 ( — — cosh — smh — — ) cos 



(31) 



where the curvature k is given in Eq. (15) and we have 
also expressed the quantity 7 in terms of the magnetic 
flux according to Eq. (20). The ground-state current 



for the device with R = 500 nm and Ll = 100 nm at the 
fixed flux = 0.4<£>o is shown in Fig. [9] by a green circle. 

Figure [10] shows the ground-state current for the ele- 
mentary device as a function of the magnetic flux for a 
set of devices with various lengths of the linear part Ll 
and fixed radius of the helix arc R = 500 nm. 



The ground- state electric current (31) passing through 
the device depends linearly on the strength of the mag- 
netic field B at small values of the magnetic field, B <C 
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FIG. 10. Ground state current for the one- wave electron exci- 
tations in the elementary device as a function of the magnetic 
flux <I> for various lengths of the linear wire element Ll- 



B /(2tt) w 10 G: 

Jo — •> 
where the ground-state conductivity is 



7re 2 L% ttL l L r 
^coth- 



4mL 2 H 



2L% 



L 2 H sinh 



ttL l L r 



(32) 



(33) 



+irL R I 2L H cosh 2 ~ + Ll 



Notice that Eq. (32) has the same form as the desired 
dissipationless transport law (J2|. 
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FIG. 11. The anomalous electrical conductivity a (in units of 
microAmpere per Tesla) for the one-wave ground-state solu- 
tion, Eq. (33), vs. the length of the linear wire element, Ll- 
The helical element has the fixed radius R = 500 nm. 

At certain specific quantized values of the magnetic 
flux, $ = &ol/2, I G Z, the continuous energy spectrum is 
symmetric under the current reflections, E(J) = E(—J), 
and the ground- state current is also zero. This feature is, 
in fact, anticipated from our experience with persistent 
currents in the normal metal nanorings. 

Summarizing this section, we would like to stress that 
there are two features of the spectrum of our elemen- 
tary device (Fig. |5| which are different from those of the 
nanormg (Fig. [2). In our device: 



(i) the electric current flows through the device along 
the direction of the magnetic field (instead of being 
confined to the ring); 

(ii) the spectrum of the excitations is continuous (as 
compared to the discrete spectrum in the nanoring) 
so that the net equilibrium current passing through 
the device is always zero (see, however, the next 
section) . 

However, there are also two striking similarities in the 
qualitative features of the energy spectra of these two 
systems for generic values of the magnetic flux <I>: 

(a) the inversion-asymmetric behavior single-level en- 
ergies E(J) ^ E{-J) and 

(b) the nonvanishing value of the electric current in the 
ground state J(Eq) ^ 0. 

Although properties (a) and (b) support the existence 
of the persistent equilibrium current through the device, 
the continuous nature of the spectrum, property (ii), 
leads to the vanishing net current. However, in the next 
section we show that for a long periodic structure made 
of the discussed short helical arcs, Fig. [l2j the energy 
spectrum becomes discontinuous, so that the long device 
should support a persistent electric current along the di- 
rection of the magnetic field in accordance with antici- 
pated dissipationless transport law 



IV. DISCRETE ASYMMETRIC STRUCTURE 
OF ENERGY LEVELS IN LONG WIRE 

A. Boundary conditions at junctions 




FIG. 12. Upper plot: illustration of a multidevice assembled 
from an (infinite) array of the elementary devices, Fig. [5] 
Lower plot: any elementary constituent of the multidevice 
(and the multidevice itself) is not invariant under parity in- 



Now let us consider the "multidevice", shown in 



Fig. 12 The multidevice is made of an infinite straight 
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structure of the elementary devices (Fig. [5| Hi ,H 2 ... 
which are assembled together. The boundary conditions 
of the helix and straight- wire wave functions at the junc- 
tion points z = z\ = LlI and £ = = Lh I are as 
follows: 



B. Solutions and spectrum 

Let us first solve the matching conditions for the one- 
wave anzats ( |18| ) with C§ = 0. In this case Eq. (34) can 
be put in the following explicit form: 



(34) 



These boundary conditions are also supplemented by the 
requirement that the wavefunctions and their derivatives 
of the helix and the line parts are smooth functions of the 
corresponding coordinates £ and z across each junction. 

The boundary conditions p4| ) along with the smooth- 
ness conditions satisfy both standard Griffith 21 and 
ShapircP^ schemes for wavefunctions at the junctions. 

The Griffith scheme imposes the unitarity condition 
that no net electric current flows into the junction 2 ^ 



■ Cf eW 



where 



ot q = jL H - L H q H + L L q L , 
Pq = 1 l h ~ L H q H - L L q L . 



(37) 

(38) 
(39) 



Setting I = and I = 1 in Eq. (37) one gets, respectively, 
the relation: 



C 



H 



L 5 



(40) 



5^A* (<) =0. 



(35) 



supplemented with one of the following relations: 

1 - e^' 



Here Di = d{ — ieJv\ is the covariant derivative along 

the ith branch, a}\ is the component of the vector field 
parallel to the ith branch. The the labeling scheme for 
the branches is shown in Fig. Il3j Due to the mentioned 



ct 



-ci 



cl 



if p q + 27rn , n G Z , (41) 
if a q ^ 27m , n G Z . (42) 



smoothness conditions, the Griffith requirement (35) is following condition: 



explicitly satisfied by our conditions because of the con- 
servation of the electric current separately in the line 
[&W(z) and ^ 3 \z)] and helix [*< 2 >(0 and ^ (4) (0] 
branches at the junction. 



¥ (4) (£) 




FIG. 13. The line (1 and 3) and helix (2 and 4) branches at 
the junction of the line and helix parts of the device. 



Then, using Eqs. (|37|), (|40|), (|41|) and (|42) one gets the 

iot a l i ( i „iot q \ if3 q l 



1 e 



(1 



(43) 



which should be satisfied for all integer I. 



There are three sets of solutions of Eq. (43): 

(I) a q — —27m , n G Z , P q is arbitrary, (44) 

(II) P q = —27m , n G Z , a q is arbitrary, (45) 

(III) OLq = p q + 27m . (46) 



These equations, together with Eqs. ([15]), (21), (38) and 
(39), give us the following solutions^ 



(i) 



(I,n) 



(I,n) 

Qh 



L L L H (jL H + 27m) 



- v /(7^ + 27m) 2 L 4 ¥ -7r 2 L 



= L 



H 



jLh + 27rn 



r (!.")' 



(47) 



cf 



The Shapiro scheme^ requires the unitarity of the 
scattering matrix S which relates the amplitudes for 
the ingoing waves and the outgoing waves at the junc- 
tion: VWt(^,6) = Sipin(zhCi)- Our boundary condi- 
tions imply that the amplitudes of the ingoing (outgo- 
ing) waves at the branches 1 and 2 are the same as the 
ones of the outgoing (ingoing) waves at the branches 3 
and 4. Using the natural notation for the amplitudes, 
ij; = (^W, . . . , \I/( 4 )) T , the scattering matrix at each junc- 
tion can be written in the following unitary (S^S = 11) 
matrix form: 



/0 1 
1 
10 

Vo i o o 



(36) 



(II) 



(HI) 



(II,n) 
1 L 



(II,n) 



(III,, 

Ql 



-L L L H (jL H + 27m) 



V( 7 £if + 27m) 2 L|, - tt 2 L| 



H 



7171 

(~<B 



+ 27TH 



J (48) 



cf = c£ = o, 



cf 



cf 



(49) 



and the corresponding values of the momentum in the 
helix arc qn are determined from Eqs. (15) and (21): 



(50) 
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The normalizability requirement imposes the following 
restriction on the values of the integer variable n for so- 
lutions (I) and (II): 

L 2 H \lL H + 27rn| = 2ttL 2 h |$/$ + n\> ttL 2 r . (51) 

It is readily seen that the third solution (///) corre- 
sponds to the standing waves in the straight wire part 
of our mult ide vice. There is yet another solution which 
corresponds to the standing waves in the helix arc part 
of the device: 



while the standing wave solutions give the vanishing total 
current: 



j("D = j(iv) =0 . 



(66) 



Due to the constraint (51) the current (65) is always a 
real quantity. 

Thus, the first solution, given in Eqs. (53) and (54), 



(IV) 



(IV, n) _ Km 



0, 



0. 



(52) 



Using the normalization condition (19), we get the fol- 
lowing explicit form of the solutions: 



provides us with a generally nonzero electric current ( 65 ) 
passing through the device in the direction of the mag- 
netic field. This longitudinal current is parametrically 
twice bigger than the transverse current circulating in the 
closed metallic ring of the same radius i?, Eq. Q. All 
other solutions correspond to the vanishing total electric 
current. 



*£„(« 

*gn(*) 



*2S(*) 



1 



1 



1 

VLh + Ll 



exp |z ^ij' n ^ ~ ^\ ^} ' ^* Persistent current in the periodic long wire 

expj^ 1 '^} , (54) 

ex P {i[g^- 7 ]e}, (55) 

exp|-^i n ' n) ^} , (56) 



We come to the important conclusion: the energy 
spectrum (61) and the corresponding single- level cur- 
rents (65) of the asymmetric (with respect to inversions 
J — » — J) modes (I) in the multidevice are equivalent, up 
to unessential multiplicative factors, to the energies and 
single-level currents of the closed metallic ring;, Eqs. © 
and respectively. 



*K(0 = o, 



*S>(*)- 




•82(0 =V£ 

*£?(*) = o. 



e * 7 ^sin 



The energies of these solutions are as follows (n G 

2mV L ) ' 

— (a {n ' n) Y 
2m V L ) ' 

h 2 n 2 



E m 

n 



8mL 2 L ' 
h 2 n 2 
8mL 2 H 



(57) 
(58) 

(59) 

(60) 
Z): 

(61) 
(62) 
(63) 
(64) 



where the momenta qL for solutions (I) and (II) are given 
in Eqs. ( |47| ) and ( [48] ), respectively. 

Using Eqs. ([9| and ( |20| ) we get the corresponding to- 
tal single-level currents passing through the device for 
solutions (I) and (II): 



j(i),(n) = 



1 


\( $ 


..) 




A* 4 


(- 




4L% 



(65) 
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FIG. 14. Energy of the elementary excitations vs. the cor- 
responding single-level currents induced in the multidevice 
(with R — 500 nm and Ll — 100 nm) by the magnetic flux 
<J> = 0.4 The filled and open circles correspond to solu- 



tions (47) and (48), respectively. The zero-current states are 



not shown. 

It is the asymmetric modes which, as we expect, should 
provide us with a nonzero persistent current in our mul- 
tidevice. However, the crucial difference between the 
nanoring setup (shown in Fig. [2| and our multidevice 
(shown in Fig. [TJ is that the currents in our proposal are 
transferred along the direction of the magnetic field in- 
stead of being confined to the ring itself. The presence 
of the standing modes (III) and (IV) is not essential for 
our qualitative discussion. 

Let us consider certain limits of our solutions (I) - (IV) . 

The ring-like limit Ll — » is, in fact, a singular point 
of our solutions because the case Ll = corresponds to 
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a degenerate case of matching conditions (34) (all helix 



arcs are transformed to rings which mutually overlap in- 
finite number of times). Thus, the Ll — > limit should 
not correspond to a system with Ll = 0. Nevertheless, in 
this limit the helix-arc solutions (I) and (II) converge to 
the anticipated periodic ring solution, so that their wave- 
functions (53) and (|54|), energies ([61]) and (62), and the 



singe-level helix currents are converging to those of the 
ring solutions, Eqs. (|5|, ([6| and ([7]), respectively. Notice 
that in the Ll — >• limit, the wavefunction of the line 
wire element is still nontrivial because, strictly speaking, 
our open system is not reduced completely in this singu- 
lar limit to the closed isolated ring. 

The standing- wave solutions (III) and (IV), which 
carry no currents both in arc and line elements, should 
decouple from the spectrum because the energy of the 
former (63) is divergent in the ring limit while the ring- 



limit of the latter becomes singular in our thin-wire ap- 
proximation. 

In the "straight" limit Ll — >> oo one of the solutions (I) 
or (II), depending on the sign of the sum <3>/<l>o+n, decou- 
ples from the spectrum because its energy (61) becomes 



infinitely large. The other solution reduces, after a proper 
renormalisation, to a plane- wave wavefunction shared be- 
tween two straight parallel wires. Then the continuous 
wave vector k is identified with ttI/Il and the effect of 
the magnetic flux is negligible as the factor 7 ex 1/Lh 
vanishes in this limit. The standing- wave solutions (III) 
and (IV) survive the straight-wire limit as well. 

Finally, we would like to ask an important question: 
What are the symmetry arguments which may explain 
the very emergence of the dissipationless currents in the 
proposed devices? In the Introduction we have men- 
tioned two specific examples of physical systems, where 
the dissipationless law ([2| is expected to work: these 
are chirally-imbalanced quark-gluon plasma created in 
heavy- ion collisions and Weyl semi- metals. In both these 
cases the transport law ([2| appears as a result of the 
non- invar iance of the media with respect to the parity 
transformations. The parity odd nature of these sys- 
tems is achieved at the microscopic level due to imbal- 
ance between left-handed and right-handed charge carries 
(quarks in heavy-ion collisions and charged fermionic ex- 
citations in Weyl semi- metals, respectively). 

In our case, the parity-oddness of the proposed 
nanowire devices is achieved at the geometrical level. 
Both the elementary device and the multidevice are not 
invariant under spatial inversion, as it is illustrated in 



the lower panel of Fig. [T3J Thus, the appearance of the 
dissipationless transport law Q is also supported by the 
general symmetry arguments. 

Finalizing this section we would like to mention that 
the energy-current spectra of the ring system, Fig. |3j 
and the periodic wire system, Fig. [l4j are very similar 
to each other: (i) they are both given by the parity-odd 
discrete quantities; (ii) in both cases the energy exhibits 
the parabolic dependence on the single-level current for 
large currents; and (iii) the physical scales of the energies 



and currents are the same. Thus, the persistent currents 
in both systems should be of the same order. We expect 
that the long periodic wire should exhibit the persistent 
current in the range from 1 pA to 1 nA for the magnetic 
fields up to a few Tesla scale. 



V. A CHIRAL NANORIBBON AS A LONG 
PLANAR DISSIPATIONLESS CONDUCTOR 

The three-dimensional multidevice, Figs, [I] has a two- 
dimensional (planar) counterpart which is illustrated in 
Fig. [15] In the planar structure, the arcs of the helix part 
of the three-dimensional wire structure are projected into 
a two-dimensional plane. The plane incorporates also the 
line part of the original wire structure. The magnetic flux 
is set to be normal to the surface of the plane in order to 
support a nonzero flux of the magnetic field through the 
areas bounded by the curved and linear wire elements^. 
The matching of the wavefunctions at the junctions is 
described by the continuity equation (34) supplemented 
by the scattering matrix (36). 



The wire structure of Fig. [15] can be treated a chi- 
ral nanoribbon because the parallel boundaries are not 
equivalent to each other. The difference in boundaries 
makes it possible to identify the constant vector n which 
marks the chirality direction of the nanoribbon. 




FIG. 15. A chiral nanoribbon in the external magnetic field 
B may support a dissipationless electric current J according 
to Eq. (67). The unit vector n characterizes the chirality 



direction of the nanoribbon. 

The calculation of the energy-current spectrum of this 
system, Fig. [l5j is identical to the one of the periodic 
wire shown in Fig. [I] Following the steps of derivation of 
the previous section we come to the conclusion that the 
energy spectrum of the electrons in the nanoribbon is a 
discrete parity-odd function of the electric current pass- 
ing through the nanoribbon (in fact, the energy- current 
relation for the nanoribbon is given by Fig. [14] for a suit- 
able choice of the parameters Lh and Ll)- 

Thus, the nanoribbon of Fig. [15] should support a dissi- 
pationless electric current in thermodynamic equilibrium. 
The corresponding transport law in the nanoribbon is 
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given by the following alternative to Eq. 



J = cr x n x B . 



(67) 



This equation is invariant under time inversion, t —t 
similarly to the London law ([T ) in superconductor and to 
the anomalous transport law (2j discussed earlier in this 
paper. There is no entropy production associated with 
the electric current J so that this current is a dissipa- 
tionless quantity. 

In Eq. (67) the anomalous conductivity <j x is a parity- 
even quantity since both J and n x B behave as vectors 
under the spatial inversion, x —> —x. 



VI. DISCUSSION AND CONCLUSIONS 

In this article we have proposed two long nanostruc- 
tures, shown schematically in Figs. [T] and [l5j which 
should support dissipationless equilibrium electric cur- 
rent. The persistent electric current in these devices - 
made of resistive metallic nanowires - is supposed to be 
supported by applied magnetic field similarly to the per- 
sistent electric current in normal metal nanorings. Ac- 
cording to Eqs. Q or (67), the electric current should 
be proportional to the strength of the magnetic field if 
the magnetic field is low enough. As the magnetic field 
becomes stronger, the electric current should experience 
periodic oscillations. The devices are not invariant under 
the inversion of parity (see, for example, Fig. 12), so that 



the parity-odd nature of these systems is achieved at the 
geometrical level. 

It is worth stressing that the parity-odd energy spec- 
trum of the proposed nanowire structures has the discrete 
nature despite these structures are macroscopically large 
systems. It is the discontinuities of the spectrum which 
make possible the existence of the equilibrium dissipa- 
tionless current. 

Thus, we have shown that the equilibrium, magnetic- 
field-induced persistent current is protected by both 
topological and symmetry-related arguments. We have 
shown that the energy levels and single-level electric cur- 



rents in our devices share the same properties (and phys- 
ical scales) as the energy levels and currents in the nanor- 
ings. 

In our article we have discussed the very basic features 
of the idealized devices. As we may expect from our 
experience with the normal metal nanorings, the sug- 
gested dissipationless currents in the real devices may be 
suppressed by various corrections emerging due to finite 
width of the wire, thermal effects, and effects of disorder 
and interactions. However, following our both theoreti- 
cal and experimental experience gained with the metallic 
nanorings, we think that these effects should not destroy 
the dissipationless current completely. 

In addition, we would like to mention that different 
but nominally identical nanorings exhibit different persis- 
tent currents (both in magnitudes and signs) because the 
persistent current in nanorings is, basically, a few elec- 
tron phenomeno n ^ 12 * 13 ! Contrary to the nanorings, our 
devices are open systems so that the few-electron prop- 
erties may be less important. However, we expect that 
the thermal diffusive suppression (caused by impurities) 
can still make a substantial quantitative contribution to 
the anomalous conductivities a and a x of our devices. 

One may suggest that the proposed devices can also be 
made of metallic carbon nanotubes as the persistent cur- 
rents were also suggested to occur in carbon nanotorPSl. 

Given the success of the modern experiments with nor- 
mal metal nanorings, the fabrication of the proposed de- 
vices is within the reach of current technology. We hope 
that the dissipationless equilibrium electric current may 
be observed experimentally. We expect that the persis- 
tent current should be in the range from 1 pA to 1 nA for 
the magnetic fields up to a few Tesla scale. 
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